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Here are the solutions to the practice problems for my Calculus I notes. Some solutions will have
more or less detail than other solutions. The level of detail in each solution will depend up on
several issues. If the section is a review section, this mostly applies to problems in the first
chapter, there will probably not be as much detail to the solutions given that the problems really
should be review. As the difficulty level of the problems increases less detail will go into the
basics of the solution under the assumption that if you’ve reached the level of working the harder
problems then you will probably already understand the basics fairly well and won’t need all the
explanation.

This document was written with presentation on the web in mind. On the web most solutions are
broken down into steps and many of the steps have hints. Each hint on the web is given as a
popup however in this document they are listed prior to each step. Also, on the web each step can
be viewed individually by clicking on links while in this document they are all showing. Also,
there are liable to be some formatting parts in this document intended for help in generating the
web pages that haven’t been removed here. These issues may make the solutions a little difficult
to follow at times, but they should still be readable.

Indefinite Integrals

1. Evaluate each of the following indefinite integrals.
(a) IGXS —18x* + 7dx
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(b) j6x5 dx—18x% +7

Hint : As long as you recall your derivative rules and the fact that all this problem is really asking
is the for us to determine the function that we differentiated to get the integrand (i.e. the function
inside the integral....) this problem shouldn’t be too difficult.

(a) j6x5 —18x* + 7dx

All we are being asked to do here is “undo” a differentiation and if you recall the basic
differentiation rules for polynomials this shouldn’t be too difficult. As we saw in the notes for
this section all we really need to do is increase the exponent by one (so upon differentiation we
get the correct exponent) and then fix up the coefficient to make sure that we will get the correct
coefficient upon differentiation.

Here is the answer for this part.

'[6x5—18x2 +7dx=[x° +6x3 + TX+C

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

Also don’t forget that you can easily check your answer by differentiating your answer and
making sure that the result is the same as the integrand.

(b) j 6x° dx —18x2 +7

This part is not really all that different from the first part. The only difference is the placement of
the dx. Recall that one of the things that the dx tells us where to end the integration. So, in the
part we are only going to integrate the first term.

Here is the answer for this part.

I6x5 dx—18x% +7 =|x* +c—18x° + 7|

2. Evaluate each of the following indefinite integrals.
(a) I4Ox3 +12x* —9x +14dx

(b) j40x3 +12X% —9x dx +14
©) j40x3 +12%% dx —9x +14
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Hint : As long as you recall your derivative rules and the fact that all this problem is really asking
is the for us to determine the function that we differentiated to get the integrand (i.e. the function
inside the integral....) this problem shouldn’t be too difficult.

(@) j40x3+12x2 —9x +14dx

All we are being asked to do here is “undo” a differentiation and if you recall the basic
differentiation rules for polynomials this shouldn’t be too difficult. As we saw in the notes for
this section all we really need to do is increase the exponent by one (so upon differentiation we
get the correct exponent) and then fix up the coefficient to make sure that we will get the correct
coefficient upon differentiation.

Here is that answer for this part.

[40x° +12x% —9x+14dx = [10X* +4x° =3 +14x+C

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

Also don’t forget that you can easily check your answer by differentiating your answer and
making sure that the result is the same as the integrand.

(b) j40x3 +12X2 —9x dx +14

This part is not really all that different from the first part. The only difference is the placement of
the dx. Recall that one of the things that the dx tells us where to end the integration. So, in the
part we are only going to integrate the first term.

Here is the answer for this part.

J‘40x3 +12x% —9xdx +14 = [10x* + 4x° -2 x> + c + 14

©) j40x3 +12X% dx —9X +14

The only difference between this part and the previous part is that the location of the dx moved.

Here is the answer for this part.

[40x° +12x* dx - 9x+14 = 110x* +4x° + ¢ —9x +14]|
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3. Evaluate _[12t7 —t2—t+3dt.

Hint : As long as you recall your derivative rules and the fact that all this problem is really asking
is the for us to determine the function that we differentiated to get the integrand (i.e. the function
inside the integral....) this problem shouldn’t be too difficult.

Solution

All we are being asked to do here is “undo” a differentiation and if you recall the basic
differentiation rules for polynomials this shouldn’t be too difficult. As we saw in the notes for
this section all we really need to do is increase the exponent by one (so upon differentiation we
get the correct exponent) and then fix up the coefficient to make sure that we will get the correct
coefficient upon differentiation.

Here is the answer.

[12t7 £ —t+3dt = 3t° -3t°— 1 +3t+c

2

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

Also don’t forget that you can easily check your answer by differentiating your answer and
making sure that the result is the same as the integrand.

4. Evaluate J10W4 +9wW° + 7w dw.

Hint : As long as you recall your derivative rules and the fact that all this problem is really asking
is the for us to determine the function that we differentiated to get the integrand (i.e. the function
inside the integral....) this problem shouldn’t be too difficult.

Solution

All we are being asked to do here is “undo” a differentiation and if you recall the basic
differentiation rules for polynomials this shouldn’t be too difficult. As we saw in the notes for
this section all we really need to do is increase the exponent by one (so upon differentiation we
get the correct exponent) and then fix up the coefficient to make sure that we will get the correct
coefficient upon differentiation.

Here is the answer.
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flOW4 +9wW’ + 7w dw=|2w° + 2w + Zw? +¢

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

Also don’t forget that you can easily check your answer by differentiating your answer and
making sure that the result is the same as the integrand.

5. Evaluate J.ZB +47z* —7%dz .

Hint : As long as you recall your derivative rules and the fact that all this problem is really asking
is the for us to determine the function that we differentiated to get the integrand (i.e. the function
inside the integral....) this problem shouldn’t be too difficult.

Solution

All we are being asked to do here is “undo” a differentiation and if you recall the basic
differentiation rules for polynomials this shouldn’t be too difficult. As we saw in the notes for
this section all we really need to do is increase the exponent by one (so upon differentiation we
get the correct exponent) and then fix up the coefficient to make sure that we will get the correct
coefficient upon differentiation.

Here is the answer.

I26+4z4—22dz: 177 +42° -1 +c

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

Also don’t forget that you can easily check your answer by differentiating your answer and
making sure that the result is the same as the integrand.

6. Determine f () given that f'(x)=6x"—20x"+x*+9.

Hint : Remember that all indefinite integrals are asking us to do is “undo” a differentiation.

Solution
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We know that indefinite integrals are asking us to undo a differentiation to so all we are really
being asked to do here is evaluate the following indefinite integral.

f (x):J f'(x) dx:J6x8—20x4+x2+9dx: 2x? —4x° +1x° +9x+c¢

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

7. Determine h(t) giventhat h'(t) =t* —t> +t* +t -1,

Hint : Remember that all indefinite integrals are asking us to do is “undo” a differentiation.

Solution
We know that indefinite integrals are asking us to undo a differentiation to so all we are really
being asked to do here is evaluate the following indefinite integral.

h(t)=[h'(t)dt = [t —t*+t* +t-1dt =|1t° - 3t' + 1t + 3 —t+c

Don’t forget the “+c”! Remember that the original function may have had a constant on it and
the “+c” is there to remind us of that.

Computing Indefinite Integrals

1. Evaluate J4x6 —2x3 +7x—4dx.

Solution
There really isn’t too much to do other than to evaluate the integral.

7

J'4xG —2x° +7x—4dx=4x" - 2x* +Ix* —4x+c=|4x —Lix*

+Ix*—4x+c

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.
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2. Evaluate jz7 — 487" -57*%dz .

Solution
There really isn’t too much to do other than to evaluate the integral.

7 11 16 _ 158 48 512 5 517 _|158 12 5 517
fz —4877 -5 dz=42" -7 -7 +C=|32"-41° -7 +C

Don’t forget to add on the “+c¢” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

3. Evaluate j 10t +12t™° + 4t3 dt .

Solution
There really isn’t too much to do other than to evaluate the integral.

[107° +12t° + 40 dt =25t + 200 +4t* 40 = |57 — 3t +t +c

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

4. Evaluate JW_Z +10w > —8dw.

Solution
There really isn’t too much to do other than to evaluate the integral.

JW_Z +10w° —8dw=2Lw'+Lw* -8w+c=|-w'-3w* -8w+c

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.
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5. Evaluate _[12 dy .

Solution
There really isn’t too much to do other than to evaluate the integral.

fi20y 2y

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

6. Evaluate J.%/W+1O de.

Hint : Don’t forget to convert the roots to fractional exponents.

Step 1
We first need to convert the roots to fractional exponents.

JWHO WdW:IW% +10(W3)% dW:IW% +10w? dw

Step 2
Once we’ve gotten the roots converted to fractional exponents there really isn’t too much to do
other than to evaluate the integral.

1 3 4 8 4 8
I%/W+10 Jw dw='|'w3 +10ws dw=3w® +10(3)w° +c=2ws +Zw® +¢

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

7. Evaluate Iﬁ—?%ﬂ? de.

Hint : Don’t forget to convert the roots to fractional exponents.

© 2007 Paul Dawkins 8 http://tutorial.math.lamar.edu/terms.aspx



Calculus |

Step 1
We first need to convert the roots to fractional exponents.

jf 78/x° +17 X dx = jx% %+17( 10)3 ix = jx% 7xE +17x3 dx
Step 2

Once we’ve gotten the roots converted to fractional exponents there really isn’t too much to do
other than to evaluate the integral.

[V =78 +17 Y5 dx = [ x -7 +27x7 dx

=2x —7(11)x +17( )x +Cc=|2x> —£x®

Nl

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

8. Evaluate i+ Z—de

x? 8x®

Hint : Don’t forget to move the x’s in the denominator to the numerator with negative exponents.

Step 1
We first need to move the x’s in the denominator to the numerator with negative exponents.

4 1 1
J—2+ 2——dx= f4x2 +2-=x7dx
X 8x 8
Remember that the “8” in the denominator of the third term stays in the denominator and does not
move up with the x.
Step 2

Once we’ve gotten the x’s out of the denominator there really isn’t too much to do other than to
evaluate the integral.

:4(i) X! +2x—1[ijx2 +C= _ax 4+ 2x 4 X +C
8 16
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Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

9. Evaluate L+i—id
: 3y6 y10 %/F y

Hint : Don’t forget to convert the root to a fractional exponents and move the y’s in the
denominator to the numerator with negative exponents.

Step 1
We first need to convert the root to a fractional exponent and move the y’s in the denominator to
the numerator with negative exponents.

71 2 7.1 2 7 4
=ty = | — Ty = |yt ey -2y td
J3y6 I JByG vy jBy oy

Remember that the “3” in the denominator of the first term stays in the denominator and does not
move up with the y.

Step 2

Once we’ve gotten the root converted to a fractional exponent and the y’s out of the denominator
there really isn’t too much to do other than to evaluate the integral.

7 1 2 7 _4
n _ d — o —6+ —10_2 3d
J_syﬁ Y J3y y 0 -2y dy
7(1) o (1) 4 3\ 1
= —| — R _2 — 3
3(—sjy +(—9Jy ( 1) "

7 = 1 4 1
—— VY —=y T +6Yy ¥ +cC
15y 9y y

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.
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10. Evaluate J(tz —1)(4+3t)dt .

Hint : Remember that there is no “Product Rule” for integrals and so we’ll need to eliminate the
product before integrating.

Step 1

Since there is no “Product Rule” for integrals we’ll need to multiply the terms out prior to
integration.

J(£?-1)(4+3t)dt = [3t° +4t* -3t — 4t

Step 2
At this point there really isn’t too much to do other than to evaluate the integral.

[(t?-1)(4+3t)dt = [3t°+ 41> —3t—4dt = |3t* + 46 —3t° —dt+c

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

11. Evaluate J\/E(ZZ —%) dz.
z

Hint : Remember that there is no “Product Rule” for integrals and so we’ll need to eliminate the
product before integrating.

Step 1
Since there is no “Product Rule” for integrals we’ll need to multiply the terms out prior to

integration.
5 5 1
J\/E(zz—ijdz: 7’ - 11 dz:fz2 BEPRR
47 47° 4

Don’t forget to convert the root to a fractional exponent and move the z’s out of the denominator.

Step 2
At this point there really isn’t too much to do other than to evaluate the integral.
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5 21
Jﬁ(zz—%]dz:jzz —%z “dz = %zz —%22 +C
z

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

I~
=

8 5 3
2°—62>+4z72°-2
12. Evaluate J dz.

Z4

Hint : Remember that there is no “Quotient Rule” for integrals and so we’ll need to eliminate the
guotient before integrating.

Step 1
Since there is no “Quotient Rule” for integrals we’ll need to break up the integrand and simplify a
little prior to integration.

8 .5 3 8 5 3
Jz 6z° +4z 2dz:JZ——6i+4i—£4d2=JZ4—6Z+£—22_4dZ

z* AR AR AR z

Step 2
At this point there really isn’t too much to do other than to evaluate the integral.

4 z

8 5 3
Jz 62> +4z 2d2:j24—62+£—22_4d22 %25_322+4|n|z|+§z—3+c
YA

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

4 3

X" —=R/x
13. Evaluate J—dx.

6V X

Hint : Remember that there is no “Quotient Rule” for integrals and so we’ll need to eliminate the
guotient before integrating.

Step 1
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Since there is no “Quotient Rule” for integrals we’ll need to break up the integrand and simplify a
little prior to integration.

1
_3x 3
JX ———Xl dX:JlX; _lx_%dx
6/ X 6x2 6x? 6 6

Don’t forget to convert the roots to fractional exponents!

Step 2
At this point there really isn’t too much to do other than to evaluate the integral.

x2 —=X fdx=

6v/x 6 27

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

jx—\/? 17 1 4. [1

s 1 s
X ——=X%+cC
5

14. Evaluate Isin(x)+lOcsc2 (x)dx.

Solution
There really isn’t too much to do other than to evaluate the integral.

[sin(x)+10csc? (x)dx = |~cos(x) ~10cot(x) +¢

Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

15. Evaluate .[2 cos(w)—sec(w)tan(w)dw.

Solution
There really isn’t too much to do other than to evaluate the integral.

IZCos(w)—sec(w) tan (w)dw =|2sin(w)—sec(w)+c
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Don’t forget to add on the “+c” since we know that we are asking what function did we
differentiate to get the integrand and the derivative of a constant is zero and so we do need to add
that onto the answer.

16. Evaluate _[12+csc(¢9)[sin (6)+csc(6)]do.

Hint : From previous problems in this set we should know how to deal with the product in the
integrand.

Step 1

Before doing the integral we need to multiply out the product and don’t forget the definition of
cosecant in terms of sine.

le+csc(9)[sin (6)+csc(0)]do = J'12+ csc(8)sin(0)+csc?(0)do

='[13+csc2(6?)d6?
Recall that,
1
H =
csc(0) sin(0)
and so,

csc()sin(6)=1

Doing this allows us to greatly simplify the integrand and, in fact, allows us to actually do the
integral. Without this simplification we would not have been able to integrate the second term
with the knowledge that we currently have.

Step 2
At this point there really isn’t too much to do other than to evaluate the integral.

[12+csc(6)[ sin(6)+csc(0) ]d6 = [13+csc? () do =[130—cot () +¢

Don’t forget that with trig functions some terms can be greatly simplified just by recalling the
definition of the trig functions and/or their relationship with the other trig functions.

17. Evaluate J4eZ +15 —6idz .
z
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Solution
There really isn’t too much to do other than to evaluate the integral.

J4eZ +15—idz :J4eZ +15—£1dz =|4e? +152—1In|z|+c
6z 61z 6

Be careful with the “6” in the denominator of the third term. The “best” way of dealing with it in
this case is to split up the third term as we’ve done above and then integrate.

Note that the “best” way to do a problem is always relative for many Calculus problems. There
are other ways of dealing with this term (later section material) and so what one person finds the
best another may not. For us, this seems to be an easy way to deal with the 6 and not overly
complicate the integration process.

e’ -4
eft

dt.

18. Evaluate Jts -

Hint : From previous problems in this set we should know how to deal with the quotient in the
integrand.

Step 1
Before doing the integral we need to break up the quotient and do some simplification.

e—t

-t -t
e -4 e 4
Jt"‘— dt:JtE'—Tt+Ttdt=jt3—1+4et dt
e e
Make sure that you correctly distribute the minus sign when breaking up the second term and
don’t forget to move the exponential in the denominator of the third term (after splitting up the
integrand) to the numerator and changing the sign on the tto a “+” in the process.

Step 2
At this point there really isn’t too much to do other than to evaluate the integral.

—t

—t
fﬁ_e 4o|t=jt3—1+4et dt = %t4—t+4et+c
e
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2

19. Evaluate %——dw )
wow

Solution
There really isn’t too much to do other than to evaluate the integral.

%_EdW=J6w3—3dw= —3w?-2In|w|+c
woow w

12

>+ dx.
1+Xx \/1_)(2

20. Evaluate J

Solution
There really isn’t too much to do other than to evaluate the integral.

J1+1x2 + 12 —dx = tan™*(x)+12sin™(x)+c
1-x

Note that because of the similarity of the derivative of inverse sine and inverse cosine an alternate
answer is,

1 12
dx =[tan™*(x)—12cos ™
J1+X2+\/1_x2 x =|tan~(x) cos™(x)+c

21. Evaluate IGcos(z)+ -
1-z

Solution
There really isn’t too much to do other than to evaluate the integral.

_[6cos(z)+ dz =|6sin(z)+4sin™(z)+c

Note that because of the similarity of the derivative of inverse sine and inverse cosine an alternate
answer is,
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j6cos(z)+ dz =|6sin(z)—4cos™(z)+c

22. Determine f () giventhat f'(x)=12x"—-4x and f(-3)=17.

Hint : We know that integration is simply asking what function we differentiated to get the
integrand and so we should be able to use this idea to arrive at a general formula for the function.

Step 1
Recall from the notes in this section that we saw,

f(x)=J. f'(x) dx

and so to arrive at a general formula for f (X) all we need to do is integrate the derivative that

we’ve been given in the problem statement.
f(x) :Ilzx2 —4x dx=4x>-2x*+c

Don’t forget the “+c”!

Hint : To determine the value of the constant of integration, ¢, we have the value of the function
at X =-3.

Step 2
Because we have the condition that f (—3) =17 we can just plug X =—3 into our answer from

the previous step, set the result equal to 17 and solve the resulting equation for c.
Doing this gives,
17=f(-3)=-126+c = c=143

The function is then,

f (x)=4x°-2x*+143
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23. Determine g(z) given that g’(z):323+L—eZ and g(1)=15-e.

2z

Hint : We know that integration is simply asking what function we differentiated to get the
integrand and so we should be able to use this idea to arrive at a general formula for the function.

Step 1
Recall from the notes in this section that we saw,

g(z):jg'(z) dz

and so to arrive at a general formula for ¢ (z) all we need to do is integrate the derivative that

we’ve been given in the problem statement.

1

g(z)=_|‘32‘°'+%z‘E —efdz=

alw
N
_+_
\I
N
o=
|
@D

Don’t forget the “+c”!

Hint : To determine the value of the constant of integration, ¢, we have the value of the function
at z=1.

Step 2
Because we have the condition that g (1) =15-e we can just plug z =1 into our answer from

the previous step, set the result equal to 15 — e and solve the resulting equation for c.
Doing this gives,

15-e=g(1)=2-e+c = c

N
~8

The function is then,

24. Determine h(t) given that h"(t) =24t —48t+2, h(1)=-9 and h(-2)=-4.

Hint : We know how to find h(t) from h'(t) but we don’t have that. We should however be

able to determine the general formula for h'(t) from h”(t) which we are given.
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Step 1
Because we know that the 2™ derivative is just the derivative of the 1% derivative we know that,

h'(t)=[h(t) dt

and so to arrive at a general formula for h’(t) all we need to do is integrate the 2™ derivative that

we’ve been given in the problem statement.
' (t) = [ 241" — 48t +2 dt = 8t° - 24t” + 2t +.C

Don’t forget the “+c”!

Hint : From the previous two problems you should be able to determine a general formula for
h(t). Just don’t forget that ¢ is just a constant!

Step 2
Now, just as we did in the previous two problems, all that we need to do is integrate the 1*

derivative (which we found in the first step) to determine a general formula for h (t)

h(t) = [8t°—24t* + 2t +c dt = 2t —8t° +1* +-ct +d

Don’t forget that c is just a constant and so it will integrate just like we were integrating 2 or 4 or
any other number. Also, the constant of integration from this step is liable to be different that the
constant of integration from the first step and so we’ll need to make sure to call it something
different, d in this case.

Hint : To determine the value of the constants of integration, ¢ and d, we have the value of the
function at two values that should help with that.

Step 3
Now, we know the value of the function at two values of z. So let’s plug both of these into the

general formula for h(t) that we found in the previous step to get,

—9=h(1)=-5+c+d
—4=h(-2)=100-2c+d

Solving this system of equations (you do remember your Algebra class right?) for ¢ and d gives,

— 1o _ i
C= 3 d_ 3
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The function is then,

h(t)=2t"-8t° +t* -1t

Substitution Rule for Indefinite Integrals

1. Evaluate '[(8x—12)(4x2 —12x)4 dx .

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=4x?-12x

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the x’s are replaced with u’s we need to compute the
differential so we can eliminate the dx as well as the remaining x’s in the integrand.

du =(8x—12)dx

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to
doing the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

_[(8x—12)(4x2 —12x)4 dx = ju“ du=1u°+c

Hint : Don’t forget that the original variable in the integrand was not u!
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Step 4
Finally, don’t forget to go back to the original variable!

[(8x-12)(4x* ~12x)" dx = | (4x® ~12x) +c

2. Evaluate j?»t’4 (2 +4t73 )77 dt.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=2+4t"

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the t’s are replaced with u’s we need to compute the
differential so we can eliminate the dt as well as the remaining t’s in the integrand.

du=-12t"*dt
To help with the substitution let’s do a little rewriting of this to get,
3t dt=-1du

Step 3
Doing the substitution and evaluating the integral gives,

fa* (2+4t‘3)_7 dt=—4[u7du=%u"+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!
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[are(2+4t%) "dt=| & (2+4t7) " +c

3. Evaluate I(3—4W)(4W2 —BW+ 7)10 dw.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=4w’ —6w+7

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the w’s are replaced with u’s we need to compute the
differential so we can eliminate the dw as well as the remaining w’s in the integrand.

du =(8w—6)dw
To help with the substitution let’s do a little rewriting of this to get,
du=-2(3-4w)dw = (3—4w)dw=—-%du

Step 3
Doing the substitution and evaluating the integral gives,

J.(3—4w)(4wz —6w+ 7)10 dw = —%_[ul‘) du=-Lu+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!
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j(3—4w)(4wz — 6w+ 7)10 dw= |- (4w — 6w+ 7)11 +C

4. Evaluate '[5(2 —4) /z*-8zdz.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=z>-8z

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the z’s are replaced with u’s we need to compute the
differential so we can eliminate the dz as well as the remaining z’s in the integrand.

du=(2z-8)dz
To help with the substitution let’s do a little rewriting of this to get,
du=(2z-8)dz=2(z—-4)dz = (z—4)dz =1du

Step 3
Doing the substitution and evaluating the integral gives,

.[5(2—4) Jz* -8z dz:%ju% du=2u%+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

wls

I5(z—4) Vz* -8zdz=|2(z" -8z)° +c

© 2007 Paul Dawkins 23 http://tutorial.math.lamar.edu/terms.aspx



Calculus |

5. Evaluate J‘90x2 sin (2 +6%° ) dx .

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=2+6x°

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the x’s are replaced with u’s we need to compute the
differential so we can eliminate the dx as well as the remaining x’s in the integrand.

du =18x%dx
Recall that, in most cases, we will also need to do a little manipulation of the differential prior to
doing the substitution. In this case we don’t need to do that. When doing the substitution just

notice that 90 = (18)(5).

Step 3
Doing the substitution and evaluating the integral gives,

J.90xzsin(2+6x3)dx:ISSin(u)du =-5c0s(u)+c
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

_[90x2 sin(2+6x3)dx = —5cos(2+6x3)+c
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6. Evaluate '[sec(l— z)tan(1-z)dz.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=1-z

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2
Because we need to make sure that all the z’s are replaced with u’s we need to compute the
differential so we can eliminate the dz as well as the remaining z’s in the integrand.
du =—dz
To help with the substitution let’s do a little rewriting of this to get,

dz =-du

Step 3
Doing the substitution and evaluating the integral gives,

J'secl z)tan(1-2) :—J'sec u)tan(u)du =—sec(u)+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

J'sec(l— z)tan(1-z)dz =|-sec(1-z)+c

7. Evaluate _[(15t’2 —5t)cos(6t ™ +1°)dt.
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Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=6t"+t’

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the t’s are replaced with u’s we need to compute the
differential so we can eliminate the dt as well as the remaining t’s in the integrand.

du = (-6t +2t)dt
To help with the substitution let’s do a little rewriting of this to get,
du = (-6t +2t)dt =—2(2)(3t* —t)dt = (15t7-5t)dt=—3du

Step 3
Doing the substitution and evaluating the integral gives,

[ (15t —5t)cos(6t ™" +t* ) dt =—3 [ cos(u)du =—sin(u)+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[ (15t —5t)cos (6t +t*)dt =|—sin (6t +1*)+c

8. Evaluate J.(7y— 2y3)ey4’7y2 dy.
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Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=y*-7y?

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the y’s are replaced with u’s we need to compute the
differential so we can eliminate the dy as well as the remaining y’s in the integrand.

du =(4y*-14y)dy
To help with the substitution let’s do a little rewriting of this to get,
du =(4y° -14y)dy = -2(7y-2y*)dy = (7y-2y*)dy=-1du

Step 3
Doing the substitution and evaluating the integral gives,

J'(7y_2y3)ey“f7y2 dy = _%J.e” du=-1e"+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

I(7y—2y3)ey477y2 dy =|-2eV" 7" +c

4w+ 3

9. Evaluate jz—
4w +6w-1

Hint : What is the derivative of the denominator?
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Step 1
In this case it looks like we should use the following as our substitution.

u=4w’ +6w-1

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the w’s are replaced with u’s we need to compute the
differential so we can eliminate the dw as well as the remaining w’s in the integrand.

du =(8w+6)dw
To help with the substitution let’s do a little rewriting of this to get,
du=2(4w+3)dw =  (4w+3)dw=1du

Step 3
Doing the substitution and evaluating the integral gives,

4w+ 3 1(1 1
z—dw:— —du:—ln|u|+c
4w +6W-1 2)u 2

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

J?W—Jr?’dw: 1In 4w? +6W—l|+C
4w* +6w-1 2

10. Evaluate [(cos(3t)—t)(sin(3t)-t*) dt.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
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In this case it looks like we should use the following as our substitution.
u=sin(3t)-t°

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the t’s are replaced with u’s we need to compute the
differential so we can eliminate the dt as well as the remaining t’s in the integrand.

du = (3cos(3t) - 3t* ) dit
To help with the substitution let’s do a little rewriting of this to get,
du =3(cos(3t)—t*)dt = (cos(3t)—t*)dt=2%du

Step 3
Doing the substitution and evaluating the integral gives,

j(cos(:%t)—tz)(sin(3t)—t3)5 dt =4 [u®du=3u’+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[ (cos(3t)-t*)(sin (3t)—t3)5 dt =|(sin (3t)—t3)6 e

11. Evaluate J4(£—e‘zjcos(e‘z +1In z)dz .
z

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.
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u=e‘+Inz

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the z’s are replaced with u’s we need to compute the
differential so we can eliminate the dz as well as the remaining z’s in the integrand.

du=(-e”+%)dt

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to
doing the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

J4(1—ezjcos(ez +Inz)dz = j4cos(u)du =4sin(u)+c

z

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

J4(l—e‘z)cos(e‘z +Inz)dz = |4sin(e? +Inz)+c

z

12. Evaluate '[ sec? (v)el”a”(v) dv.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=1+tan(v)
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Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2

Because we need to make sure that all the v’s are replaced with u’s we need to compute the
differential so we can eliminate the dv as well as the remaining v’s in the integrand.

du =sec?(v)dv

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to
doing the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

_[secz (v)e"™ ¥ dv = J.e“ du=e"+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

Jsec? (v)e = ay = [ +

13. Evaluate JlOsin (2x)cos(2x)4/cos® (2x)—5 dx.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious”
inside function then there is at least a chance that the “inside” function is the substitution that we
need.

Step 1
In this case it looks like we should use the following as our substitution.

u=cos’(2x)-5

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.
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Step 2
Because we need to make sure that all the x’s are replaced with u’s we need to compute the
differential so we can eliminate the dx as well as the remaining x’s in the integrand.

du = —4cos(2x)sin(2x)dx
To help with the substitution let’s do a little rewriting of this to get,

du =—4cos(2x)sin(2x)dx =—-2(2)(2)cos(2x)sin(2x)dx
= 10cos(2x)sin(2x)dx=—3du

Step 3
Doing the substitution and evaluating the integral gives,

lesin (2x)cos(2x)4fcos? (2x) -5 dx = —%Iu% du=—S%u? +c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[10sin(2x)cos(2x),[cos’ (2x) =5 dx =|—(cos® (2x) ~5)" +c

Nlw

csc(x)cot(x)

dx .
2—csc(x) X

14. Evaluate J

Hint : What is the derivative of the denominator?

Step 1
In this case it looks like we should use the following as our substitution.

u=2-csc(x)

Hint : Recall that after the substitution all the original variables in the integral should be replaced
with u’s.

Step 2
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Because we need to make sure that all the x’s are replaced with u’s we need to compute the
differential so we can eliminate the dx as well as the remaining x’s in the integrand.

du =csc(x)cot(x)dx

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to
doing the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

J—CSC(X)COt(X) dx = j%du =Inju|+c

2—csc(x)
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

cse(x)cot(x) x =[In|2—csc(x)[+c
J 2—csc(x) x=[nj2 )

15. Evaluate J dy.

7+y?

Hint : Be careful with this substitution. The integrand should look somewhat familiar, so maybe
we should try to put it into a more familiar form.

Step 1
The integrand looks an awful lot like the derivative of the inverse tangent.

d

d—(tan‘l(u))

u

3 1
1+u?

So, let’s do a little rewrite to make the integrand look more like this.

J > dy = Ldy:EJ dy
7+y? 7(1+3y%) 7)1+1y?
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Hint : One more little rewrite of the integrand should make this look almost exactly like the
derivative the inverse tangent and the substitution should then be fairly obvious.

Step 2
Let’s do one more rewrite of the integrand.

6 6 1
R e

=

iy

At this point we can see that the following substitution will work for us.

— du =—-dy - dy =+/7du

[
Il
<

Step 3
Doing the substitution and evaluating the integral gives,

J 6 dyzg(ﬁ)Jidu :itan‘l(u)+c

7+Y? 7 1+u? J7

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

3

6 6 1 6 _
J7+ v dy=7(x/7)Jl+u2 du = ﬁtan 1(%)+c

Substitutions for inverse trig functions can be a little tricky to spot when you are first start doing
them. Once you do enough of them however they start to become a little easier to spot.

16. Evaluate J

1
——dw.
V4 -9w?

Hint : Be careful with this substitution. The integrand should look somewhat familiar, so maybe
we should try to put it into a more familiar form.

Step 1
The integrand looks an awful lot like the derivative of the inverse sine.
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So, let’s do a little rewrite to make the integrand look more like this.

j;dw{;m:ij;dw
Vacow ) Ja(imaw)  2) imgw

Hint : One more little rewrite of the integrand should make this look almost exactly like the
derivative the inverse sine and the substitution should then be fairly obvious.

Step 2
Let’s do one more rewrite of the integrand.

4w 1-(¥)
At this point we can see that the following substitution will work for us.

u=3 - du =3dw - dw=2du

Step 3
Doing the substitution and evaluating the integral gives,

12 u:lsin‘l(u)+c
23

J e alal
49w’ 1-u? 3
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

lsin‘1(37"”)+c

1
—  _dw=
J\/4—9w2 3

Substitutions for inverse trig functions can be a little tricky to spot when you are first start doing
them. Once you do enough of them however they start to become a little easier to spot.
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17. Evaluate each of the following integrals.

" 3x
a) | ———dx
@ J 1+9x?

(b) 3—X4 dx

) (1+9x2)

(3

———dx
J 1+9x?

(©)

Hint : Make sure you pay attention to each of these and note the differences between each
integrand and how that will affect the substitution and/or answer.

() J S

1+9x?

Solution
In this case it looks like the substitution should be

u=1+9x*

Here is the differential for this substitution.
du =18xdx = 3xdx=%du

The integral is then,

f 3Xde:ljidu:lln|u|+c:1In|1+9x2|+c
1+9x 6J) u 6 6

3X
b) | ——d
®) J(l+9x2)4 ’

Solution
The substitution and differential work for this part are identical to the previous part.

u=1+9x> du =18xdx = 3xdx=1du

Here is the integral for this part,
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Jizldx:lfi‘tdu :lju‘4 du=-tudic= —i;yﬁc
(1+9x2) 6J)u 6 18 18 (1+9x2)

Be careful to not just turn every integral of functions of the form of 1/(something) into
logarithms! This is one of the more common mistakes that students often make.

3
d
© Jl+9x2 X

Solution
Because we no longer have an x in the numerator this integral is very different from the previous
two. Let’s do a quick rewrite of the integrand to make the substitution clearer.

3 50X = j%dx
1+9x 1+(3)
So, this looks like an inverse tangent problem that will need the substitution.
u=3x - du = 3dx

The integral is then,

fljaxz dx =J1+lu2 du=tan™(u)+c=|tan™"(3x)+c

More Substitution Rule

1. Evaluate .[4\/5+9t +12(5+9t)7 dt.

Hint : Each term seems to require the same substitution and recall that the same substitution can
be used in multiple terms of an integral if we need to.

Step 1
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Don’t get too excited about the fact that there are two terms in this integrand. Each term requires
the same substitution,

u=5+0t
so we’ll simply use that in both terms.

If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 2
Here is the differential work for the substitution.

du=9dt —  dt=%du

Doing the substitution and evaluating the integral gives,

f[4u% +12u7}(§)du :%[gu% +%u8}rc = %[%(5+9t)g +%(5+9t)8}+c

Be careful when dealing with the dt substitution here. Make sure that the ¢ gets multiplied times

the whole integrand and not just one of the terms. You can do this either by using parenthesis (as
we’ve done here) or pulling the $ completely out of the integral.

Do not forget to go back to the original variable after evaluating the integral!

2. Evaluate I7x3 Cos(2+ x“)—8x3e2*x4 dx.

Hint : Each term seems to require the same substitution and recall that the same substitution can
be used in multiple terms of an integral if we need to.

Step 1
Don’t get too excited about the fact that there are two terms in this integrand. Each term requires
the same substitution,
u=2+x*
so we’ll simply use that in both terms.

If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
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section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 2
Here is the differential work for the substitution.

du=4x’dx —  Xdx=21du

Before doing the actual substitution it might be convenient to factor an x* out of the integrand as
follows.

J‘7x3 cos(2+ x“)—8x3e2+X4 dx = I[? cos(2+ x“)—8e2+X4 } x3dx

Doing this should make the differential part (i.e. the du part) of the substitution clearer.

Now, doing the substitution and evaluating the integral gives,

J'7x3 cos(2+ x“)—8x3e2+X4 dx = %I?cos(u)—Se”du

=1[7sin(u)-8e" |+c= %[7sin(2+x4)—8e2+x4}+c

Be careful when dealing with the dx substitution here. Make sure that the + gets multiplied times

the whole integrand and not just one of the terms. You can do this either by using parenthesis
around the whole integrand or pulling the + completely out of the integral (as we’ve done here).

Do not forget to go back to the original variable after evaluating the integral!

6e’" 14e™
3. Evaluate 5+ ——dw.
(1-ge™) 1-8e

Hint : Each term seems to require the same substitution and recall that the same substitution can
be used in multiple terms of an integral if we need to.

Step 1
Don’t get too excited about the fact that there are two terms in this integrand. Each term requires
the same substitution,

u=1-8e""
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so we’ll simply use that in both terms.

If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 2
Here is the differential work for the substitution.

du=-56e"dw —  e™dw=-idu

Before doing the actual substitution it might be convenient to factor an €’ out of the integrand
as follows.

dw = + e™ dw

6e’" . 14e™ 6 14
(1-ge™) 1-8" (1-ge™) 1-8"

Doing this should make the differential part (i.e. the du part) of the substitution clearer.

Now, doing the substitution and evaluating the integral gives,

7w ™wW
J 1 6§e7w)3 o= | B = {14l o

- _%(—3(1—8&‘”)2 +14In|1—8e7w|)+c

Be careful when dealing with the dw substitution here. Make sure that the —z= gets multiplied
times the whole integrand and not just one of the terms. You can do this either by using
parenthesis around the whole integrand or pulling the —z= completely out of the integral (as

we’ve done here).

Do not forget to go back to the original variable after evaluating the integral!

4. Evaluate '[x“ —7x° cos(2x6 +3) dx .

© 2007 Paul Dawkins 40 http://tutorial.math.lamar.edu/terms.aspx



Calculus |

Hint : Recall that terms that do not need substitutions should not be in the integral when the
substitution is being done. At this point we should know how to “break” integrals up so that we
can get the terms that require a substitution into a one integral and those that don’t into another
integral.

Step 1

Clearly the first term does not need a substitution while the second term does need a substitution.
So, we’ll first need to split up the integral as follows.

_[x‘1 -7x° cos(2x6 +3)dx :J.x4 dx—J.?x5 cos(2x6 +3)dx

Step 2
The substitution needed for the second integral is then,

u=2x"+3
If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 3
Here is the differential work for the substitution.

du=12x’dx —  x’dx=2%du
Now, doing the substitution and evaluating the integrals gives,

[ x* =7 cos(2x® +3)dx = [ x* dx—£ [ cos(u) du = £x° —sin (u) +¢

=|Lx° —Lsin(2x° +3) +c

Do not forget to go back to the original variable after evaluating the integral!

4sin(8z)

5. Evaluate | * + —————dz
1+9c0s(8z)

Hint : Recall that terms that do not need substitutions should not be in the integral when the
substitution is being done. At this point we should know how to “break” integrals up so that we
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can get the terms that require a substitution into a one integral and those that don’t into another
integral.

Step 1
Clearly the first term does not need a substitution while the second term does need a substitution.
So, we’ll first need to split up the integral as follows.

JeZ”L 4sin(8z) dz=jezdz+J 4sin(8z) "

1+9cos(8z) 1+9cos(8z)

Step 2
The substitution needed for the second integral is then,

u=1+9cos(8z)

If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 3
Here is the differential work for the substitution.

du=-72sin(8z)dz  —  sin(8z)dz=-%du

Now, doing the substitution and evaluating the integrals gives,

e’ +L(82)dz =jeZ dz—ijldu =|e* —%In[L1+9cos(8z)|+c
1+9cos(8z) 72) u

Do not forget to go back to the original variable after evaluating the integral!

6. Evaluate JZOeZ’SW\/1+ e L 7wP —6 wdw.

Hint : Recall that terms that do not need substitutions should not be in the integral when the
substitution is being done. At this point we should know how to “break” integrals up so that we
can get the terms that require a substitution into a one integral and those that don’t into another
integral.

Step 1
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Clearly the first term needs a substitution while the second and third terms don’t. So, we’ll first
need to split up the integral as follows.

J'20e2‘8wxll+ e2 % L 7w® —6 3wdw= '|'20e2‘8‘”\/1+ e? 8" dw + j 7w =6 3w dw

Step 2
The substitution needed for the first integral is then,

u=1+e*®"
If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this

section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 3
Here is the differential work for the substitution.

du=-8"*"dw —  e*™dw=-1du

Now, doing the substitutions and evaluating the integrals gives,

_[20e2’8‘”\/1+ e + 7w -6 Ywdw = —%Iu% du +I7W3 — 6w’ dw

3 4
— 52 L I\wWr_9ws3
——EU +IW —7W +C

3
2

4
=|-3(1+e*™) +Iw' - 2wl +c

Do not forget to go back to the original variable after evaluating the integral!

7. Evaluate I(4+7t)3 —ot 5t +3dt.

Hint : You can only do one substitution per integral. At this point we should know how to
“break” integrals up so that we can get the terms that require different substitutions into different
integrals.

Step 1

Clearly each term needs a separate substitution. So, we’ll first need to split up the integral as
follows.
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[(4+7t) -9t Y5t* +3dt = [(4+7t) dt— [9t Y5t" + 3t

Step 2
The substitutions needed for the each integral are then,

u=4+7t v=>5t"+3
If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 3
Here is the differential work for each substitution.

du =7dt - dt=+du dv=10tdt —  tdt=5dv
Now, doing the substitutions and evaluating the integrals gives,

I4+7t ) dt— _[9t Y5t2 +3dt = Iu du— mfv“dv:%u“—%—gv%ﬂz

=& (4+7t)" — £ (5t +3)" +

»\w

Do not forget to go back to the original variable after evaluating the integral!

6Xx —X° ,( 3x
8. Evaluate | ———————CSC"| — dx.
X°—9x° +8 2

Hint : You can only do one substitution per integral. At this point we should know how to
“break” integrals up so that we can get the terms that require different substitutions into different
integrals.

Step 1
Clearly each term needs a separate substitution. So, we’ll first need to split up the integral as
follows.
2 2
X=X X X=X X
36—2—(;sc2 3% :Jf—zdx— esc?[ X\ dx
X*—9x°+8 2 X°—9x“+8 2
Step 2
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The substitutions needed for the each integral are then,

u=x>-9x°+8 v="C
If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this

section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 3
Here is the differential work for each substitution.

du = (3x* —18x)dx = —3(6x — x* ) dx - (6x—x*)dx=—1du

dv =23dx —  dx=2dv

Now, doing the substitutions and evaluating the integrals gives,

2
g (o3 - v =il Seot) e
x> —9x° +8 2 3Ju 3 3 3

il —gx? 2 oot (3
= —§In|x —9x +8|+3cot(7x)+c

Do not forget to go back to the original variable after evaluating the integral!

9. Evaluate J7(3y+ 2)(4y+3y2)3 +sin(3+8y)dy.

Hint : You can only do one substitution per integral. At this point we should know how to
“break” integrals up so that we can get the terms that require different substitutions into different
integrals.

Step 1

Clearly each term needs a separate substitution. So, we’ll first need to split up the integral as
follows.

I7(3y+2)(4y+3y2)3 +sin(3+8y)dy:I7(3y+2)(4y+3y2)3 dy+J.sin(3+8y)dy

Step 2
The substitutions needed for the each integral are then,
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u=4y+3y° v=3+8y
If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

Step 3
Here is the differential work for each substitution.

du=(4+6y)dy=2(3y+2)dy —  (3y+2)dy=4idu
dv =8dy - dy =+dv

Now, doing the substitutions and evaluating the integrals gives,

J'7(3y+2)(4y+3y2)3 +sin(3+8y)dy :%J.u3du +%jsin(v)dv =Zu*~4cos(v)+c

= %(4y+3y2)4 —1cos(3+8y)+c

Do not forget to go back to the original variable after evaluating the integral!

10. Evaluate [sec’ (2t)[ 9+7tan(2t)—tan® (2t)]dt.

Hint : Don’t let this one fool you. This is simply an integral that requires you to use the same
substitution more than once.

Step 1
This integral can be a little daunting at first glance. To do it all we need to notice is that the

derivative of tan(x) is sec’(x) and we can notice that there is a sec’ (2t) times the remaining

portion of the integrand and that portion only contains constants and tangents.

So, it looks like the substitution is then,
u=tan(2t)

If you aren’t comfortable with the basic substitution mechanics you should work some problems
in the previous section as we’ll not be putting in as much detail with regards to the basics in this
section. The problems in this section are intended for those that are fairly comfortable with the
basic mechanics of substitutions and will involve some more “advanced” substitutions.

© 2007 Paul Dawkins 46 http://tutorial.math.lamar.edu/terms.aspx



Calculus |

Step 2
Here is the differential work for the substitution.
du=2sec’(2t)dt — sec’ (2t)dt =4 du

Now, doing the substitution and evaluating the integrals gives,

[sec? (2t)[ 9+ 7tan(2t)—tan’ (2t) |dt =4 [9+ 7u—u’du =3(9u+Fu’ —4u°)+c

=|4(9tan(2t)+Ztan® (2t) -4 tan’ (2t))+c

Do not forget to go back to the original variable after evaluating the integral!

8-w
11. Evaluate ——dw
4w” +9

Hint : With the integrand written as it is here this problem can’t be done.

Step 1
As written we can’t do this problem. In order to do this integral we’ll need to rewrite the integral
as follows.
8—w 8 w
f 5 dW:J 5 dW—J ——dw
4w” +9 4w” +9 4w” +9
Step 2

Now, the first integral looks like it might be an inverse tangent (although we’ll need to do a
rewrite of that integral) and the second looks like it’s a logarithm (with a quick substitution).

So, here is the rewrite on the first integral.
f 8;W dW=§ % dW—J \ZN dw
4w” +9 9) sw +1 4w” +9
Step 3

Now we’ll need a substitution for each integral. Here are the substitutions we’ll need for each
integral.

u=2w (sou’=¢w’) v=4w’+9
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Step 4
Here is the differential work for the substitution.

du=%dw — dw=2du dv=8wdw — wdw=3dv
Now, doing the substitutions and evaluating the integrals gives,

f SZW szg(EjJ 21 du—lfldv=§tan‘1(v)—%ln|u|+c
4w’ +9 9\2)J) vi+1 8J v

=|4tan™ (%W)—%In|4w2 +9|+c

Do not forget to go back to the original variable after evaluating the integral!

TX+2
12. Evaluate | ————=0X.

\J1-25x%°

Hint : With the integrand written as it is here this problem can’t be done.

Step 1
As written we can’t do this problem. In order to do this integral we’ll need to rewrite the integral
as follows.

TX+2

——dx= dx +
\1-25x? jxll 25x° Jxll 25x°

Step 2
Now, the second integral looks like it might be an inverse sine (although we’ll need to do a
rewrite of that integral) and the first looks like a simple substitution will work for us.

So, here is the rewrite on the second integral.

TX+2

1
Jos ‘de“zj o)

dx

Step 3
Now we’ll need a substitution for each integral. Here are the substitutions we’ll need for each
integral.
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u=1-25x* v =5X (so V2 = 25x2)

Step 4
Here is the differential work for the substitution.

du=-50xdx — xdx=-50du dv=5dx — dx=%dv

ol

Now, doing the substitutions and evaluating the integrals gives,

x+2 i u"%du+g _r dv=—lu%+§Sin_l(V)+c

— _dx=-
V1-25x2 50 5) J1-V?

= —Zis(l— 25X2)% +Zsin™(5x)+c

Do not forget to go back to the original variable after evaluating the integral!

13. Evaluate J.z7 (8+324)8 dz.

Hint : Use the “obvious” substitution and don’t forget that the substitution can be used more than
once and in different ways.

Step 1
Okay, the “obvious” substitution here is probably,

u=8+3z" —  du=127%z — 2°dz =4 .du

however, that doesn’t look like it might work because of the z'.

Step 2
Let’s do a quick rewrite of the integrand.

.[27 (8+3z“)8 dz =_|.z“z3 (8+32“)8 dz :.[z4 (8+3z“)8 2°dz

Step 3
Now, notice that we can convert all of the z’s in the integrand except apparently for the z* that is
in the front. However, notice from the substitution that we can solve for z* to get,

2* =1(u-8)
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Step 4
With this we can now do the substitution and evaluate the integral.

J.z7(8+3z4)8 dz=%|1(u-8)u°du =%Iu9 —8u’du =4 (Hu - 2u)+c

:.%(%(8+3f)m—%(8+3f)w+c

Do not forget to go back to the original variable after evaluating the integral!

Area Problem

1. Estimate the area of the region between f (X)=x°—2x*+4 the x-axis on [1,4] using n =6

and using,
(a) the right end points of the subintervals for the height of the rectangles,
(b) the left end points of the subintervals for the height of the rectangles and,
(c) the midpoints of the subintervals for the height of the rectangles.

(a) the right end points of the subintervals for the height of the rectangles,
The widths of each of the subintervals for this problem are,

=2t 1
2

We don’t need to actually graph the function to do this problem. It would probably help to have a
number line showing subintervals however. Here is that number line.

bt | L el

In this case we’re going to be using right end points of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,
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+
2
(4)+4(8)+5(13)+3(3) +4(30) [ - 426875

(b) the left end points of the subintervals for the height of the rectangles and,

As we found in the previous part the widths of each of the subintervals are Ax = 3.

Here is a copy of the number line showing the subintervals to help with the problem.

In this case we’re going to be using left end points of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

Area=31()+4F(2)+31(2)+41(2)+31(3)+11 (0
=4(8)+4(2)+4(4) +4(3) 4 2(03) () = [ = 261875

(c) the midpoints of the subintervals for the height of the rectangles.

As we found in the first part the widths of each of the subintervals are Ax=1.

Here is a copy of the number line showing the subintervals to help with the problem.

In this case we’re going to be using midpoints of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

f
2
= 1(8L) + (B + (B + 4 (5 ) + L (K ) + 4 (283) = 1152 = 33.40625
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2. Estimate the area of the region between g (X)=4—+/x*+2 the x-axis on [—1,3] using
n=6 and using,

(a) the right end points of the subintervals for the height of the rectangles,

(b) the left end points of the subintervals for the height of the rectangles and,

(c) the midpoints of the subintervals for the height of the rectangles.

(a) the right end points of the subintervals for the height of the rectangles,

The widths of each of the subintervals for this problem are,

We don’t need to actually graph the function to do this problem. It would probably help to have a
number line showing subintervals however. Here is that number line.

—
= 4=
-

Ly s
FER [ [

[P

In this case we’re going to be using right end points of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

Area~2f(-3)+2f(1)+2f(1)+2f(3)+2f(3)+2f(3)
(o)) (o)) o=

=|7.420752

(b) the left end points of the subintervals for the height of the rectangles and,

As we found in the previous part the widths of each of the subintervals are AXx =%

Here is a copy of the number line showing the subintervals to help with the problem.

—
= 4=
-

Ly s
FER [ [

[P
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In this case we’re going to be using left end points of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

Area~2f(-1)+2f(-1)+2f(1)+2f(1)+2f(2)+2f()
=2(4-V3)+2(4-2)+ 2(4- )+ 2(4-3)+ 5(4-B) + 2(4- )

(c) the midpoints of the subintervals for the height of the rectangles.

As we found in the first part the widths of each of the subintervals are Ax=2.

Here is a copy of the number line showing the subintervals to help with the problem.

—
= 4=
=

Ly s

FER [E [
[P g

In this case we’re going to be using midpoints of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

—X Cos(é) the x-axis on [0,3] using n=6

3. Estimate the area of the region between h(x)

and using,
(a) the right end points of the subintervals for the height of the rectangles,
(b) the left end points of the subintervals for the height of the rectangles and,
(c) the midpoints of the subintervals for the height of the rectangles.

(a) the right end points of the subintervals for the height of the rectangles,

The widths of each of the subintervals for this problem are,
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ax=>"9_1
6 2

We don’t need to actually graph the function to do this problem. It would probably help to have a
number line showing subintervals however. Here is that number line.

(R .
b ——
Lad e

bt | Ll ——

(=]

In this case we’re going to be using right end points of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

=[-3.814057]

Do not get excited about the negative area here. As we discussed in this section this just means
that the graph, in this case, is below the x-axis as you could verify if you’d like to.

(b) the left end points of the subintervals for the height of the rectangles and,

As we found in the previous part the widths of each of the subintervals are Ax=%.

Here is a copy of the number line showing the subintervals to help with the problem.

(R .
b ——
Lad e

bt | Lad ——

In this case we’re going to be using left end points of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,
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=|-3.003604

Do not get excited about the negative area here. As we discussed in this section this just means
that the graph, in this case, is below the x-axis as you could verify if you’d like to.

(c) the midpoints of the subintervals for the height of the rectangles.

As we found in the first part the widths of each of the subintervals are Ax=2.

Here is a copy of the number line showing the subintervals to help with the problem.

b =
Lad e

bt | i ——

In this case we’re going to be using midpoints of each of these subintervals to determine the
height of each of the rectangles.

The area between the function and the x-axis is then approximately,

=[-3.449532]

Do not get excited about the negative area here. As we discussed in this section this just means
that the graph, in this case, is below the x-axis as you could verify if you’d like to.

4. Estimate the net area between f (x)=8x*—x°—12 and the x-axis on [-2, 2] using n=8

and the midpoints of the subintervals for the height of the rectangles. Without looking at a graph
of the function on the interval does it appear that more of the area is above or below the x-axis?

Step 1
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First let’s estimate the area between the function and the x-axis on the interval. The widths of
each of the subintervals for this problem are,

N| -

We don’t need to actually graph the function to do this problem. It would probably help to have a
number line showing subintervals however. Here is that number line.

[ e

Now, we’ll be using midpoints of each of these subintervals to determine the height of each of the
rectangles.

The area between the function and the x-axis is then approximately,

Area 1 (<3 f(~3) 43T (5)+ 11 (1) + 31 (1) () r1 1 (437 (3)=[F

We’ll leave it to you to check all the function evaluations. They get a little messy, but after all
the arithmetic is done we get a net area of -6.

Step 2

Now, as we (hopefully) recall from the discussion in this section area above the x-axis is positive
and area below the x-axis is negative. In this case we have estimated that the net area is -6 and
S0, assuming that our estimate is accurate, it looks like we should have more area is below the x-
axis as above it.

Graph

For reference purposes here is the graph of the function with the area shaded in and as we can see
it does appear that there is slightly more area below as above the x-axis.
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10

The Definition of the Definite Integral

1. Use the definition of the definite integral to evaluate the integral. Use the right end point of
each interval for X; .

J‘142x+3dx

Step 1
The width of each subinterval will be,

AX=——=

4-1_3
n n

The subintervals for the interval [1,4] are then,

{1,1+§},[1+§,1+9},[1+§,1+g]...,,{1+M,1+3—i},...,,{1+m,4}

n n n n n n n n

From this it looks like the right end point, and hence xI of the general subinterval is,

X, =1+—
n

Step 2
The summation in the definition of the definite integral is then,
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e C s H e
Step 3

Now we need to use the formulas from the Summation Notation section in the Extras chapter to
“evaluate” the summation.

Zn:f(.)Ax=Zn:15 1—8'=1i15 Z'

n “<n

i=1 i=
~L15n)+ 18[ (n+1)J 15, 9N+9
n n 2 n

Step 4
Finally, we can use the definition of the definite integral to determine the value of the integral.

[15+9”+9}= Iim[24+g}:
n n

n—oo

_[142x+3dx_ Ilmz f( )Ax: lim

n—oo nN—oo

2. Use the definition of the definite integral to evaluate the integral. Use the right end point of
each interval for X; .

1
J.O 6x( x—l) dx
Step 1
The width of each subinterval will be,
AX = 1; = l
n n

The subintervals for the interval [0,1] are then,

QIR NERCS

From this it looks like the right end point, and hence xI of the general subinterval is,

Step 2
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The summation in the definition of the definite integral is then,

NG O o B

Now we need to use the formulas from the Summation Notation section in the Extras chapter to
“evaluate” the summation.

>

Si(0)s-3 o3 s T

-1 i1 N i-1 n" 3
_6(n(n+1)(2n+1)) 6 (n(n+1)) 2n°+3n+1 3n+3
n 6 nfl 2 n’ n

Step 4
Finally, we can use the definition of the definite integral to determine the value of the integral.

2n? +3n+1 3n+3
e 3 -l

_[6x (x— 1dx_I|me( ") Ax = lim

n—oo nN—oo

4 cos(e3X n x2)
3. Evaluate : 4—dx
. X" +1

Solution

There really isn’t much to this problem other than use Property 2 from the notes on this
section.

4 3X 2
Jcos(e4 +X)dx:@
4

X +1

4. Determine the value of J.lﬁl9f (x)dx given that J.Gll f(x)dx=-7.

Solution

There really isn’t much to this problem other than use the properties from the notes of
this section until we get the given interval at which point we use the given value.
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6 6
ng f(x)dx= 9J‘11 f(x)dx Property 3
= _9J.611 f(x)dx Property 1
—9(-7)-
5. Determine the value of J.6116g (x)—10f (x)dx given that J. x)dx =—7 and
J. g dx 24 .
Solution

There really isn’t much to this problem other than use the properties from the notes of
this section until we get the given intervals at which point we use the given values.

f:16g(x)—10f(x)dx:_|‘1169 X dx—jlllof x) dx Property 4
_6_[ x)dx — 10_[ (x Property 3

=6(24

6. Determine the value of _[ dx given that _[ dx 3 and _[ dx 8.

Step 1
First we need to use Property 5 from the notes of this section to break up the integral into
two integrals that use the same limits as the integrals given in the problem statement.

Note that we won’t worry about whether the limits are in correct place at this point.

I 0= 1 ()oxs [ (x)on

Step 2

Finally, all we need to do is use Property 1 from the notes of this section to interchange the limits
on the first integral so they match up with the limits on the given integral. We can then use the
given values to determine the value of the integral.
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[t (x)ax=—["f (x)dx+ [ £ (x)dx=—(3)+8=5]

7. Determine the value of J._Zf f (x)dx given that J._04 f(x)dx=-2, .[301 f (x)dx =19 and

rl f (x)dx=-21.

20

Step 1
First we need to use Property 5 from the notes of this section to break up the integral into
three integrals that use the same limits as the integrals given in the problem statement.

Note that we won’t worry about whether the limits are in correct place at this point.

J._Zj f (x)dx:J'_o4 f (x)dx+J031 f (x)dx+'|‘3210 f (x)dx

Step 2

Finally, all we need to do is use Property 1 from the notes of this section to interchange the limits
on the second and third integrals so they match up with the limits on the given integral. We can
then use the given values to determine the value of the integral.

[T ()= f(x)ax=[ f(x)dx- [ f(x)dx=-2-(19)(-21)=[0]

4
8. For L 3x—2dx sketch the graph of the integrand and use the area interpretation of the

definite integral to determine the value of the integral.

Step 1
Here is the graph of the integrand, f (X)=3x—2, on the interval [1,4].
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10

Step 2

Now, we know that the integral is simply the area between the line and the x-axis and so we
should be able to use basic area formulas to help us determine the value of the integral. Here is a
“modified” graph that will help with this.

10} (4,10)
.
61
il
Tl[4,1:l
0 I x
|} .,

From this sketch we can see that we can think of this area as a rectangle with width 3 and height 1
and a triangle with base 3 and height 9. The value of the integral will then be the sum of the areas
of the rectangle and the triangle.

Here is the value of the integral,

J; 3x-2dx=(3)(1)+(3)(9)=[2
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5
9. For IO —4xdx sketch the graph of the integrand and use the area interpretation of the definite

integral to determine the value of the integral.

Step 1
Here is the graph of the integrand, f (X)=—4x on the interval [0,5].

| | 1 | X
1 2 3 4
-5+
10}
15+
—2 -
(5,-20)

Step 2
Now, we know that the integral is simply the area between the line and the x-axis and so we
should be able to use basic area formulas to help us determine the value of the integral.

In this case we can see the area is clearly a triangle with base 5 and height 20. However, we need
to be a little careful here and recall that area that is below the x-axis is considered to be negative

area and so we’ll need to keep that in mind when we do the area computation.

Here is the value of the integral,

[ -4xdx=-1(5)(20) =

10. Differentiate the following integral with respect to x.
J.x9cos2 (t2 — 6t +1)dt
4

Solution
This is nothing more than a quick application of the Fundamental Theorem of Calculus, Part 1.
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The derivative is,

%[J.AXQCOSZ (t2 — 6t +1) dt} =|9cos? (x2 —6X +1)

11. Differentiate the following integral with respect to x.
in(6
[ adt

Solution
This is nothing more than a quick application of the Fundamental Theorem of Calculus, Part 1.

Note however, that because the upper limit is not just x we’ll need to use the Chain Rule, with the
“inner function” as sin(6x).

ol
dx

The derivative is,

7

Ism(SX)\/tz +4dt} =|6cos(6x)4/sin’ (6x)+4

12. Differentiate the following integral with respect to x.

Solution
This is nothing more than a quick application of the Fundamental Theorem of Calculus, Part 1.

Note however, that we’ll need to interchange the limits to get the lower limit to a number and the
X’s in the upper limit as required by the theorem. Also, note that because the upper limit is not

just x we’ll need to use the Chain Rule, with the “inner function” as 3x°.

The derivative is,

4ot 3x? .t 3x2 3x2 _
diU e 1dt} d _J L gy |- (o) ot |22 2
X

32 |t - dx 2
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Computing Definite Integrals

1. Evaluate each of the following integrals.

a. Jcos(x)—%dx

X
! 3
b.f cos(x)——dx
_3 X

4
C. f cos(x)—%dx
L X

3
a Jcos(x)——de

X
This is just an indefinite integral and by this point we should be comfortable doing them so here
is the answer to this part.

Jcos(x)—%dx:‘|'cos(x)—3x‘5 dx=sin(x)+2x* +c= sin(x)+4—;+c

Don’t forget to add on the “+c” since we are doing an indefinite integral!

‘ 3
b. J cos(x)—?dx

-3
Recall that in order to do a definite integral the integrand (i.e. the function we are integrating)

must be continuous on the interval over which we are integrating, [—3, 4] in this case.

We can clearly see that the second term will have division by zeroat Xx=0 and X =0 is in the
interval over which we are integrating and so this function is not continuous on the interval over
which we are integrating.

Therefore, this integral cannot be done.

4
C. f cos(x)—%dx

1 X
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Now, the function still has a division by zero problem in the second term at X =0. However,
unlike the previous part X =0 does not fall in the interval over which we are integrating, [1, 4] in

this case.

This integral can therefore be done. Here is the work for this integral.

4

1

1

=sin(4)+ sin(1)-

3 3
765

:sin(4)+ﬁ—(3in(1)—%] = sin(4)—sin(1)—@

2. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

j1612x3 —9x? +2dx

Step 1
First we need to integrate the function.

j1612x3 —9x?+2dx = (3x4 -3¢+ 2x)|i3

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.
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j1612x3 _9x% +2dx = 32522 =[3250

3. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

1
LSZ2 —7z+3dz

Step 1
First we need to integrate the function.

.[_12522 —-7z+3dz Z(%Z3 —%Z+32)|1

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower
limit.

Here is the answer for this problem.

4. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

0 4 2
L 15w" —13w” + wdw

Step 1
First, do not get excited about the fact that the lower limit of integration is a larger number than
the upper limit of integration. The problem works in exactly the same way.
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So, we need to integrate the function.
0 4 2 5 1302 102\
I 15w" 13w +WdW:(3w —FW +3w )|
3 3

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

I3015W4 —13wW* + wdw = 0128 = |12

5. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

4
8
PN,
| &

Step 1
First we need to integrate the function.

4
8 offd=[att 12t dt= %_m)“
L 7 124t dt = [ '8t * 12t dt—(16t 4 ¢

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

1

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower
limit.
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Here is the answer for this problem.

4
8

j W—lzﬁdtz—%—% —u
1

6. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not

possible to evaluate the integral.
2
1 Y2 1
(L 1y
2 4 2z
Step 1

First we need to integrate the function.

2 3,2 2 2
J ERL —isdz:j ll+iz%—lz“"dz:(%In|z|+2—'°*ozg+%z‘2)
7z 4 2z 172 4 2 i

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

2
132 1, =(i|n(2)+1(2§)+A)‘(“”(1)+l): Hn(2)+3(2')-3
L e L 3 6 7 5 7 20 80

1

Don’t forget that In (1) =01 Also, don’t get excited about “messy” answers like this. They

happen on occasion.
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7. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

4 1
j X°—x"+=dx
X

-2
Solution

In this case note that the third term will have division by zero at X =0 and this is in the interval
we are integrating over, [—2, 4] and hence is not continuous on this interval.

Therefore, this integral cannot be done.

8. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

-1 2
L x* (3—4x)dx
Step 1

In this case we’ll first need to multiply out the integrand before we actually do the integration.
Doing that integrating the function gives,

12 _[lau2 300 (v3 o4\t
L x? (3—4x) dx _L 3X° —4x*dx = (x° - x )|_4
Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

-1 2 _ _
[, x*(3-4x)dx=—2-(-320) =

© 2007 Paul Dawkins 70 http://tutorial.math.lamar.edu/terms.aspx



Calculus |

9. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

1
2y* —6y”
Jyzydy
.Y

Step 1
In this case we’ll first need to simplify the integrand to remove the quotient before we actually do
the integration. Doing that integrating the function gives,

1

2y® -6y’ 1 ) 1
J Tdy = I22y—6dy _(y —6y)|2

2

Do not get excited about the fact that the lower limit of integration is larger than the upper limit
of integration. This will happen on occasion and the integral works in exactly the same manner
as we’ve been doing them.

Also, recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in
the next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower
limit.

Here is the answer for this problem.

1
2y -6y’
Jy—zydy:_s_(_s):

2 Y

10. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

jf?sin(t)—Zcos(t)dt
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Step 1
First we need to integrate the function.

L??sin(t)"zcos(t)dt::(_7cos(t)__28in(t))

[SIIENTS

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

[ 7sin(t) - 2c0s(t)dt =2~ (-7)=[5]

11. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

_[0 sec(z)tan(z)-1dz
Solution

Be careful with this integral. Recall that,

1
cos(z

sec(z) =

] tan(z)=

Also recall that Cos(%) =0 and that X =Z is in the interval we are integrating over, [0, 7] and

hence is not continuous on this interval.

Therefore, this integral cannot be done.
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It is often easy to overlook these kinds of division by zero problems in integrands when the
integrand is not explicitly written as a rational expression. So, be careful and don’t forget that
division by zero can sometimes be “hidden” in the integrand!

12. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

jf 2sec’ (w)—8csc(w)cot(w)dw

Step 1

First notice that even though we do have some “hidden” rational expression here (in the
definitions of the trig functions) neither cosine nor sine is zero in the interval we are integrating
over and so both terms are continuous over the interval.

Therefore all we need to do integrate the function.

I;25ec2 (w)—8csc(w)cot(w)dw = (2tan(w)+8csc(w))

oN  wiN

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

J.g 2sec? (w)—8csc(w)cot (w)dw = (%+ 2J§)—(16+%) - %+2\/§—16

13. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.
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2
J e* + 21 dx
0 X +1

Step 1
First we need to integrate the function.

2

2 1
Jex+ . dx:(ex+tan’l(x))|

0 X“+1 0

Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

2
1 ] ) -
Le + X2+1dx=(e2+tan '(2))-(e°+tan*(0)) =[e* +tan*(2)-1

Note that tan™ (0)=0 but tant (2) doesn’t have a “nice” answer and so was left as is.

14. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

-2
J 7¢Y +3dy
5 y

Step 1
First we need to integrate the function.

2 5
J 7¢Y +de =(7ey +2In|y|)|

-2
-5
-5
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Recall that we don’t need to add the “+c” in the definite integral case as it will just cancel in the
next step.

Step 2
The final step is then just to do the evaluation.

We’ll leave the basic arithmetic to you to verify and only show the results of the evaluation.
Make sure that you evaluate the upper limit first and then subtract off the evaluation at the lower

limit.

Here is the answer for this problem.

fz 7eY +§dy =(7e”* +2In|-2|)-(7e”* +2In|-5)) =|7 (e * —e* ) +2(In(2) - In(5))

-5

15. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

4 2t t>1
J.O f (t)dt where f (t)={1—3t2 ‘<1

Hint : Recall that integrals we can always “break up” an integral as follows,

J: f(x)dx= J.: f (x)dx+J.cb f (x)dx
See if you can find a good choice for “c” that will make this integral doable.

Step 1

This integral can’t be done as a single integral give the obvious change of the functionat t =1
which is in the interval over which we are integrating. However, recall that we can always break
up an integral at any point and t =1 seems to be a good point to do this.

Breaking up the integral at t =1 gives,

[Ft)dt= f(t)dt+ [ f(t)at
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So, in the first integral we have 0 <t <1 and so we can use f (t) =1-3t? in the first integral.

Likewise, in the second integral we have 1<t <4 and so we can use f (t) =2t in the second

integral.

Making these function substitutions gives,
4 1 ) 4
[ f(t)ydt=] 1-3t*d+ [ 2tdt

Step 2
All we need to do at this point is evaluate each integral. Here is that work.

[ (t)dt=[1-3t>dt+ ] 2tat= (t—t3)|z +t7] =[0-0]+[16-1] =

16. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

1 2—-7 1>-2
Lsg(z)dz where g(z)={4ez < o

Hint : Recall that integrals we can always “break up” an integral as follows,

b c b
L f(x)dx= J.a f (x)dx+J.C f (x)dx
See if you can find a good choice for “c” that will make this integral doable.
Step 1
This integral can’t be done as a single integral give the obvious change of the function at z = —2
which is in the interval over which we are integrating. However, recall that we can always break

up an integral at any point and z =—2 seems to be a good point to do this.

Breaking up the integral at z =—2 gives,

[o@a=] e[ g()e
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So, in the first integral we have —6 <z <—2 and so we can use ¢ (z) = 4e” in the first integral.

Likewise, in the second integral we have —2 <z <1 and so we can use ¢ (Z) =2-17 inthe

second integral.
Making these function substitutions gives,
1 -2 7 1
I_Gg (z)dz= I_G 4e dz+_[_22—zdz

Step 2
All we need to do at this point is evaluate each integral. Here is that work.

'[_169 dz—j 4e* dz+'[ 2 zdz:( ) ( %zz)r_z

=[4e? —4e® |+[2-(-6)|=[4e” - 4e° + 2

17. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

6
[ [2x—10]dx
3

Hint : In order to do this integral we need to “remove” the absolute value bars from the integrand
and we should know how to do that by this point.

Step 1
We’ll need to “remove” the absolute value bars in order to do this integral. However, in order to
do that we’ll need to know where 2x—10 is positive and negative.

Since 2x—10 is the equation of a line is should be fairly clear that we have the following

positive/negative nature of the function.
X<5 = 2x-10<0

X>5 = 2x-10>0

Step 2
So, to remove the absolute value bars all we need to do then is break the integral upat X =5.

[/ [2x~10]dx = [ [2x ~10]dx + [ [2x ~ 10|k
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So, in the first integral we have 3< X <5 and so we have |2X—10| = —(2X—10) in the first

integral. Likewise, in the second integral we have 5< X <6 and so we have |2X —10| =2x-10

in the second integral. Or,
6 5 6
[ [2x=10]dx = [ '~(2x-10)dx+ [ 2x~10dx

Step 3
All we need to do at this point is evaluate each integral. Here is that work.

[[J2x~10/dx = [} ~2x+10dx+ [ 2x~10dx = (~x* +10x)|| +(x* ~10x)

~ [25-21]+[ 24— (-25)]=[5]

6
5

18. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

0
'[ |4W+ 3| dw
=]

Hint : In order to do this integral we need to “remove” the absolute value bars from the integrand
and we should know how to do that by this point.

Step 1
We’ll need to “remove” the absolute value bars in order to do this integral. However, in order to
do that we’ll need to know where 4w+ 3 is positive and negative.

Since 4w+ 3 is the equation a line is should be fairly clear that we have the following
positive/negative nature of the function.
w<-32 = 4w+3<0

w>-2 = 4w+3>0

Step 2
So, to remove the absolute value bars all we need to do then is break the integral up at W= —% :

fl|4w+ 3dw = L%|4W+ 3 dw+ _[Oi|4w+ 3| dw
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So, in the first integral we have —1<w < —2 and so we have |4W+ 3| =—(4w+3) in the first
integral. Likewise, in the second integral we have —% <w<0 and so we have

|4W+3| = 4w+ 3 in the second integral. Or,
J._01|4W+ 3 dw:J'__l%—(4w+ 3) dw+J._Oi4W+3dw

Step 3
All we need to do at this point is evaluate each integral. Here is that work.

Lol|4w+3| dw = J‘_l‘g‘—4w—3dw+_[oi4w+3dw = (—2W2 —SW) j‘ +(2W2 +3W) Og

=[3-1J+[0-(-3))=[2

N

Substitution Rule for Definite Integrals

1. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

J.:3(4x+ x“)(le2 +X°— 2)6 dx

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

The substitution for this problem is,
u=10x*+x>-2

Step 2
Here is the actual substitution work for this problem.
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du=(20x+5x")dx=5(4x+x*)dx - (4x+x")dx =Ldu
X=0:u=-2 x=1:u=9

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.
1 4 25 6 o _3(%,6
j03(4x+x )(le +X —2) dx_gf_zu du

Step 3
The integral is then,

(e x)(108"+ 2 d= ], =5 (4782 009(-128) =[5

Do not get excited about “messy” or “large” answers. They will happen on occasion so don’t
worry about them when the happen.

2. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

%
J 8cos(2t) ot

9—5sin(2t)

0

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

The substitution for this problem is,
u=9-5sin(2t)

Step 2
Here is the actual substitution work for this problem.
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du =-10cos(2t)dt — cos(2t)dt=—%du

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.

%
8003-(2t) dtz—%ru‘% iU
o 9-5sin(2t) )

Step 3
The integral is then,

JZ 8cos(2t) .

9-5sin(2t)

0

3. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

Iosin(z)cos3(z)dz

s

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

The substitution for this problem is,
u=cos(z)

Step 2
Here is the actual substitution work for this problem.

du =-sin(z)dz - sin(z)dz=-du
z=r:u=-1 z=0:u=1
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As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.

J‘Osin(z)cos3 (z)dz = —J'_llu3 du

T

Step 3
The integral is then,

josin(z)cos3 (z)dz= _%u4|171 =-1-(-%) :@

T

4. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

f Jw e gy

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

The substitution for this problem is,

Njw

Step 2
Here is the actual substitution work for this problem.

du:—%w%dw - Jwdw = —2du

w=1:u=0 w=4:u=-7

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.
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J‘Ax/We”F dw = —%_[_7e“ du
1 0

Step 3
The integral is then,

J‘:«/Wel*m dw = —2¢" ;7 =—Ze" —(-2¢%)=|2(1-¢")

5. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

-1
J§/5—2y+ ! dy
-4

5-2y

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

The substitution for this problem is,
u=5-2y

Step 2
Here is the actual substitution work for this problem.

du=-2dy - dy=-%du
y=-4:u=13 y=-1:u=7

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.

-1 7
J J5-2y + ! dyz—%f u%+zdu
-4

5-2y 13 u

Step 3
The integral is then,
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7

[ por-(-i[a 7]
-4

5-2y

13

~37%~2in[7]-(-313' ~1In3)

- 3(13% —7%)+g(|n(13)—|n(7))

6. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

2 1
jlx3’+e4X dx

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

Before setting up the substitution we’ll need to break up the integral because the first term doesn’t
need a substitution. Doing this gives,

2 1 2 2 1
le3’+e4xdx:jlx3 dx+j 1e4X dx

The substitution for the second integral is then,

c
Il
EN[S
>

Step 2
Here is the actual substitution work for this second integral.

du =1dx - dx = 4du
x=-l:u=-% X=2:u=1%

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.
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2 1 2 1
jlx3+e4x dx:J'lx3 dx+4'[21eu du
- 4

Step 3
The integral is then,

1
2 —_—

2 1 2
J'1x3+e4X dx:%x4|

+4g"
1

1
4

7. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

I%ﬂ6sin(2w)—7cos(w)dw

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

Before setting up the substitution we’ll need to break up the integral because the second term
doesn’t need a substitution. Doing this gives,

J%Gsin(ZW)—nos(w)dw:J%Gsin(ZW)dw—J'%ﬂnos(w)dw
The substitution for the first integral is then,

u=2w

Step 2
Here is the actual substitution work for this first integral.

du = 2dw - dw =

W=7:Uu=2r7 w=3:u=37

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.
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J%Gsin (2w)—7cos(w)dw = 3_[23”sin (u)du —JsTﬂ?cos(w) dw

Step 3
The integral is then,

SN
Il
—_
w
|
|
w
~—
A
+
—
\'
|
o
~
Il
G|
w

I%6sin (2w)—7cos(w)dw = —3cos(u)|z —7sin(w)

8. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

> 23+ X X
4 2 T2 dx
L XT+Xx 41 x -4

Solution

Be very careful with this problem. Recall that we can only do definite integrals if the integrand
(i.e. the function we are integrating) is continuous on the interval over which we are integrating.

In this case the second term has division by zero at X =2 and so is not continuous on [1, 5] and

therefore this integral can’t be done.

9. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

0
J t 3+t2+%dt

Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

Before setting up the substitution we’ll need to break up the integral because each term requires a
different substitution. Doing this gives,
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0 0
NI dt:jotx/3+t2 dt + S
(6t-1)° =

_2 ,(6t—1)°

The substitution for the each integral is then,
u=3+t? v=6t—1

Step 2
Here is the actual substitution work for this first integral.

du =2tdt - tdt=3du
t=-2:u=7 t=0:u=3

Here is the actual substitution work for the second integral.

du =6dt - dt=1du
t=-2:u=-13 t=0:u=-1

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.

0
3 3 4 1
J_zt 3+t? +(6t—1)2 dt :%L u?du +%LSV 2 dv

Step 3
The integral is then,

0
J B 4 dt:%ugg—%v‘l[is:%(3%—7%)—%(—1—(—%)):%(3%—7%)+%

" (6t-1)°

10. Evaluate the following integral, if possible. If it is not possible clearly explain why it is not
possible to evaluate the integral.

[ (2-2)" +sin(z2)[3+2c0s(z2) ] dz
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Step 1
The first step that we need to do is do the substitution.

At this point you should be fairly comfortable with substitutions. If you are not comfortable with
substitutions you should go back to the substitution sections and work some problems there.

Before setting up the substitution we’ll need to break up the integral because each term requires a
different substitution. Doing this gives,

I12(2— z)3 +sin (7[2)[3+ 2cos(7zz)]3 dz = ,[,12(2_ z)3 dz +fzsin (7[Z)|:3+ 2cos,(7rzﬂ3 dz
The substitution for the each integral is then,
u=2-12 v=3+2co0s(7z)

Step 2
Here is the actual substitution work for this first integral.

du =-dz - dz =—du
z=-2:u=4 z=1:u=1

Here is the actual substitution work for the second integral.

du =-27sin(rz)dz N sin(zz)dz=-2%du
z=-2:u=5 z=1:u

As we did in the notes for this section we are also going to convert the limits to u’s to avoid
having to deal with the back substitution after doing the integral.

Here is the integral after the substitution.
J'_12(2— 2)’ +sin(zz)[3+2cos(7z)] dz = —I:u3du —%J‘:ve’ dv

Step 3
The integral is then,

j_lz(Z— z)’ +s,in(7zz)[3+2cos(7zz)]3 dz = —%u“t —Av“r

87 5

— —1(1-256)- L (1-625)=[Z+
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